The understanding of the source term in the one way equation is essential if one wishes to use this equation for modeling seismic re ection data. A careful introduction of the source term and of the surface boundary condition in the one way wave equations allow to recover with accuracy, using depth extrapolation, a synthetic eld generated using the (two way) acoustic wave equation and initial time conditions.
Introduction
One-way depth extrapolation is widely used in many seismic imaging techniques, in particular in migration (Claerbout, 1985; Berkhout, 1985; Stolt and Benson, 1986) . In modeling of a seismic re ection experiment, sources and surface conditions are usually introduced in an ad hoc way. For instance, the source term is represented as a boundary condition and boundary conditions are replaced by an approximation undertaking only upgoing energy. These approximations are due to the fact that the one-way wave equations are either derived without a source term, or boundary conditions and source term are di cult to implement, so their substitute is then used. These alternative methods cannot be easily generalized and relations with the full acoustic wave equation are not obvious.
To illustrate these relations we rst extrapolate, using the (two-way) acoustic wave equation, some initial conditions with a source term, and, second, we use the values computed at a given depth as boundary conditions for reconstructing the wave eld by depth extrapolation, using the one way equation with the source term.
2 Extrapolation of acoustic wave elds
The acoustic wave equation
The wave equation describing the propagation of a pressure wave p(x; t) in a medium with constant density, wave speed c(x) , and with a source term S(x; t) is 1 c 2 (x) @ 2 p @t 2 (x; t) ? r 2 p(x; t) = S(x; t) :
(1)
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Time extrapolation of a wave eld
The second order di erential equation (1) for the eld p , can be written as a system of two rst order di erential equations for two elds p and _ p , @ @t p(x; t) 
In an in nite space, equation (2) can be used directly to compute p(x; t) and _ p(x; t) for all values of t from its values p(x; t 0 ) and _ p(x; t 0 ) at instant t 0 .
Depth extrapolation of a wave eld
As before, instead of writing the second order di erential equation (1) 
the rst of these equations de ning the eld p 0 as the vertical gradient of pressure eld: p 0 (x; t) = @p @z (x; t) :
Knowing the eld p and its rst derivative with respect to z , at a given depth z 0 , and for all times, equation (4) allows to extrapolate for all depths. If in principle equation (4) can be used directly to compute p(x; t) and p 0 (x; t) for all values of z from its values at z = z 0 ; however, in practice numerical problems, which are discussed below, arise.
Di culty with depth extrapolation
It is well known that plane waves p(x; y; z; t) = p 0 cos(!t ? k x x ? k y y ? k z z) (6) are solutions of the constant speed acoustic wave equation, provided that the constants !; k x ; k y , and k z satisfy the relation ! 2 c 2 = k 2 x + k 2 y + k 2 z ;
as it can be seen by direct substitution of equation (6) in the wave equation (1). For pedagogical reasons, we do not use yet complex numbers to represent wave elds, preferring, for the time being, the notation cos(') to the more usual e i' (that, more properly, should be written <(e i' ) ).
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It is less well understood that other quite simple waves are solutions of the constant speed acoustic wave equation. For instance, using cylindrical coordinates, the \Bessel waves" p(r; z; t) = p 0 J 0 (k r r) cos(!t ? k z z) ; (8) where J 0 ( ) is the Bessel function, are also solutions, provided that the constants !; k r , and k z satisfy the relation ! 2 c 2 = k 2 r + k 2 z : (12) As we are not using complex numbers here, all solutions with the form given by equation (10) must satisfy the condition
The waves described by equation (10) are easy to interpret: for a given depth z , we have two-dimensional plane waves; the amplitude of these waves is increasing (resp. decreasing) exponentially with depth for positive (resp. negative) values of k z .
For in nite media, one characteristic of the exponentially increasing waves is that of having in nite energy. In numerical computations, if the initial conditions do not contain already exponential waves, and if the source is of nite energy, they can not appear spontaneously. This is not so when, instead of extrapolation of initial conditions, we try to extrapolate in depth conditions (for p and @p=@z ) given at the surface. If the surface values for p and @p=@z are those of a eld not containing exponential waves, and if the depth extrapolation is made exactly, we will recover the exact wave eld, without any exponential wave, as the problem of extrapolating in depth surface conditions has an unique solution. But the problem is an ill-posed problem: slight perturbations of the surface conditions produce arbitrarily large perturbations of the computed eld. As, in any practical numerical implementation, the surface values will never be exact (owing, for instance, to computer number truncation), there is no reason that waves with amplitude exponentially increasing with depth will not appear: they may have very extremely small values at the surface, but their exponential character will eventually blow up and become more important than the true eld of interest.
If we want to extrapolate in depth the full wave equation (4), we should ensure the stability and the causality of the solution. This can be achieved by removing, from the IP-24: Charara and Tarantola
The One-Way Acoustic Depth Extrapolation pressure eld the energy belonging to the Fourier domain giving (real) values to the k z de ned by equation (12), i.e., the domain where
The last relation being obtained for a laterally homogeneous medium, the domain of these waves is not well de ned in the general case. Then, the conservative cut k 2
x + k 2 y ! 2 c 2 max (z) ; (15) where c max is the highest velocity at depth z , insures the stability at the cost of imprecision in the computation of the wave eld in low-velocity region of the steeply dipping structure (Koslo , 1983) . The widely used alternative to such depth extrapolation of the full wave equation is the decoupling of the second order equation into a system of two rst order partial di erential equations, the one-way wave equations. 
Not showing the dependencies of the eld p , we can rewrite equation (16) 
The rightmost term of equation (19) 
Depth extrapolation
Consider rst an unbounded space where a pressure eld has propagated, satisfying, at every point, the acoustic wave equation (1).
Let p(x; y; z 0 ; t) and p 0 (x; y; z 0 ; t) be the values of the pressure and of the vertical pressure gradient at a particular depth z = z 0 . If the (smooth) medium properties, de ned by c(x; y; z) , are known, how can we reconstruct the elds p and p 0 everywhere inside the medium?
At z = z 0 , both elds + and ? are known, as they can be computed from p(x; y; z 0 ; t) and p 0 (x; y; z 0 ; t) using equation (20) . Then, if the source S(x; y; z; t) is known everywhere in the medium, equations (22) and (23) 
Free surface boundary condition
Consider now a half space bounded by a free surface, where a pressure eld has propagated, satisfying, at every point, the acoustic wave equation (1). We also know the values of the pressure p(x; y; z 0 ; t) and of the vertical pressure gradient p 0 (x; y; z 0 ; t) at the surface.
Because we have a free surface, the pressure vanishes there:
p(x; y; z s ; t) = 0:
The adopted assumptions correspond to the typical seismic experiment requirements for marine surveys. Though we don't know the vertical pressure gradient at the surface, it is possible to determine it from the data collected near the surface. Marine surveys are IP-24: Charara and Tarantola
The One-Way Acoustic Depth Extrapolation done by recording the generated pressure eld by means of an array of hydrophones, a streamer, located at a depth a few meters below the sea surface. Let us consider the pressure eld p to be known at the surface, and that the medium is homogeneous and contains no source term between the receivers and the surface, we can derive an analytical expression linking the pressure eld at a depth z with the vertical pressure gradient at the free surface.
This can be achieved by using the general solution for the pressure eld p of equation (16) with null source term and for a homogeneous medium: p(k x ; k y ; z; !) = A 1 (k x ; k y ; !) e ikz(kx;ky;!) z + A 2 (k x ; k y ; !) e ?ikz(kx;ky;!) z ; (25) where A 1 and A 2 are constants which can be de ned from the initial conditions. Using the fact that the pressure vanishes at the free surface, i.e., p(k x ; k y ; z s ; !) = 0 , we deduce from equation (25) 
We can rewrite equation (25) (showing only the dependence on z ):
Then the vertical gradient of p is @p @z (z) = 2 i k z A cos(k z z) :
Equation (27) allows us to determine the pressure eld at depth z s + z :
By substituting equations (27) and (28) in (29) we obtain the desired relation
Keeping in mind that the pressure eld at the surface is null, the vertical pressure gradient at the surface is @p @z (z s ) = k z sin(k z z) p(z s + z) :
Using this approach, one can determine the vertical derivative of the pressure eld at the surface, in theory, for wavelengths greater than 2 z , but in practice, for wavelengths greater than 3 z , due to the singularity at k z z = in equation (31).
Instead of using this sophisticated approach, we may consider that a satisfactory estimation of the vertical derivative of the eld pressure at the free surface can be obtained by simply assuming the symmetry of the pressure eld with respect to the free surface: @p @z (z s ) p(z s + z) z :
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The One-Way Acoustic Depth Extrapolation Once again, if the source S is known everywhere in the medium, + (x; y; z s ; t) and ? (x; y; z s ; t) can be computed from p(x; y; z s ; t) and p 0 (x; y; z s ; t) using equation (20) We have thus correctly implemented the free surface, properly used the sources of the eld, and computed the whole pressure eld (and not only the upgoing or downgoing parts).
Discussion
The decomposition of the full wave equation (16) 
The above formulation is sometimes found in the literature, for instance (Graves and Clayton, 1990; Wapenaar, 1990) . As discussed in Graves and Clayton (1990) the source term in the above equations (38) and (39) is di cult to implement due to the presence of the operator ( 1 ikz ) , specially for heterogeneous media. Our approach skips this di culty. Another problem arises for the boundary conditions when modeling seismic re ection experiment. It is not correct to assume that the data collected consist essentially of upgoing waves. Because the location of the receivers are just below the free surface, the downgoing wave eld is as important as upgoing wave eld. Note that we have used, as input to our one-way wave equations the full wave eld (upgoing wave eld and wave eld re ected at the surface) and that, while equation (22) produces the downgoing eld only, equation (23) produces only the upgoing eld.
4 Numerical illustration
Numerical implementation of one-way wave equations
Several numerical schemes of implementation of the one-way wave equations exist. We can mention schemes that are based on an analytical expression of the one-way wave equations (23), in Fourier domain like the phase shift method (Gazdag, 1978) , or in spatial domain like the convolutional method (Berkhout, 1985; Holberg ,1988; Hale, 1991) . We have chosen, for illustration, a widely used method for solving the one-way wave equations based on an implicit nite di erence scheme (Claerbout, 1985) . Starting from the one-way wave equation (23), we can approximate the square root operator by continued fraction, classically to the order 2, which gives a paraxial approximation up to 45 and if we use the optimized coe cient ( ; ) of Lee and Suh (1985) , the approximation is valid for dip angles up to 65 (Yilmaz, 1987) . Thus the approximated equation will be @ + @z (k x ; z; !) = i ! c(z) 
This equation can be solved by the splitting method (Claerbout, 1985) , which consists in solving two equations. The rst equation is called the lens equation. We have chosen to incorporate in it the source term, which gives 
Two-way time extrapolation modeling
We have used a fourth order Taylor expansion for temporal di erencing and a nine points Lagrange interpolation polynomial for spatial di erencing explicit nite di erence scheme. Taking null initial conditions, we extrapolate the pressure eld forward in time. In order to obtain the vertical pressure gradient at each node of the grid where we have computed the pressure eld, we have used a centered nite di erence scheme. This mode of computation for the vertical pressure gradient will not take into account the source term at the depth where the source is located ( gure 2, left). Having computed the vertical gradient of the pressure eld everywhere for all times, we can show slices either in time ( gure 1, left) or in depth ( gure 2, left).
One-way depth extrapolation modeling
Knowing the pressure eld just one grid step (i.e., 5 meters) below the free surface, we can approximate the pressure derivative with respect to z at the free surface as it has been explained in section 3.2. Having this initial condition at the free surface and including IP-24: Charara and Tarantola
The One-Way Acoustic Depth Extrapolation the same source term as for the two-way wave equation, we are able to compute the whole upgoing eld ? ( gure 3, left) , and the down going eld + ( gure 3, right). In fact, the upgoing eld is shown with the opposite sign and the two elds + and ? have been divided by two for comparison of both one-way and two-way modeling. Note that all gures are plotted at the same scale. Introducing the source term, when extrapolating the upgoing eld cancels the eld near the source point ensuring causality. Since we are using an approximation of the one-way wave equations not all the energy is removed ( gure 3, right, 6 th slice).
Comparison of one-way and two-way modeling
A comparison of both modelings can be done if we use relation (21). By subtracting downgoing eld from upgoing eld and dividing by two, we obtain the vertical pressure gradient eld @p=@z . The vertical pressure gradient eld computed by the two-way modeling and the one-way modeling for di erent times ( gure 1) or for di erent times ( gure 2), shows a good agreement. Of course, since we are using the approximated modeling for the one-way wave equation, it is expected that the eld beyond the range of approximation (i.e. 65 dip angle) will not be correctly modeled and some non-causal eld will be as well generated.
Conclusion
We have derived the one-way wave equations properly taking into account the source term and the free surface boundary condition. The proposed decomposition is particularly well adapted to seismic re ection exploration, where data can be directly extrapolated downward. The way in which the source term is introduced in the one-way wave equations allows a simple numerical implementation. The use of secondary Born sources to model seismic re ection data in the linearized approximation is here straightforward, since the source terms we use are the same for both, the one-way and two-way wave equations.
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The One-Way Acoustic Depth Extrapolation Figure 1 (page at right): The snapshots of the vertical pressure gradient eld shown at left have been computed using the (two-way) acoustic wave equation, using null initial conditions and a point source. The computed values of the vertical gradient at the surface have then been extrapolated in depth, using the one-way wave equations. Resampling in space and in time and displaying the same amplitude scale for these snapshots allow an easy comparison with the results of both one-way and two-way wave equations. Note that we recover both, upgoing and downgoing waves, and that the source term in the one-way wave equations act properly. The noncausal eld seen before the \explosion" of the source is due to the approximations in the use of the one-way wave equations.
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